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❑Multichannel active noise control (ANC) systems 
• Better performance when we need to create large-size quiet zone. 
• Applications: 



















❑Motivation of using frequency domain design 
•	 Easier to specify frequency dependent constraints. 
•	 Constraints in one frequency band will not affect performance of other bands. 
•	 Usually, better ANC performance. 
❑Motivation of using improved cone programing form 
•	 The computational complexity is usually significant for frequency-domain design method. 
•	 It was demonstrated in previous study that by cone programming reformulation, the ANC
design problem can be solved much more efficiently using the primal-dual interior-point 
algorithms. 
•	 However, some numerical issues may occur when using the direct reformulated standard 
cone programming form. Thus, the effect on the numerical stability of different formulation 
approaches should be further investigated. 
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Active Noise Control System
 
❑ Cost function: 
•	 Minimizing the energy of 
error signal 𝒆 
❑ Constraints: 
•	 Disturbance enhancement 
•	 Stability 
•	 Robustness (Non-adaptive control is considered in the current work) 
•	 Filter response 5 
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Enhancement: Normalized energy of e:
 
? 𝐴𝑒𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘)) 
Stability: Use Nyquist criterion: 
෍ 𝑡𝑟 𝑬 𝑓𝑘 𝑬 𝑓𝑘 
H 
𝑡𝑟 𝐸 𝑓𝑘 𝐸 𝑓𝑘 
H 
min Re 𝜆 ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 > ,1 
Robustness: 𝑴- 𝚫 structure and small gain theory:
 
max σ ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 𝐵(𝑓𝑘) ? 1 
Filter response: The magnitude of frequency response:
 
? 𝐶(𝑓𝑘)𝑊𝑥𝑖,𝑗 𝑓𝑘 
6 
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Review of Previous Work - Original Problem
 








H Normalized energy of e at each frequency 𝑡𝑟 𝐸 𝑓𝑘 𝐸 𝑓𝑘 ? 𝐴𝑒𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘)) 
Stability: Use Nyquist criterion: 
min Re 𝜆 ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 > ,1 
Robustness: 𝑴- 𝚫 structure and small gain theory:
 
max σ ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 𝐵(𝑓𝑘) ? 1 
Filter response: The magnitude of frequency response:
 
? 𝐶(𝑓𝑘)𝑊𝑥𝑖,𝑗 𝑓𝑘 
7 
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Review of Previous Work - Original Problem
 












Nyquist criterion, on the right of -1 point 
Robustness: 𝑴- 𝚫 structure and small gain theory: 
𝑡𝑟 𝐸 𝑓𝑘 𝐸 𝑓𝑘 
H 
min Re 𝜆 ൯𝑾𝑥(𝑓𝑘)෡𝑮𝑠0(𝑓𝑘 > ,1 
max σ ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 𝐵(𝑓𝑘) ? 1 
Filter response: The magnitude of frequency response:
 
? 𝐶(𝑓𝑘)𝑊𝑥𝑖,𝑗 𝑓𝑘 
8 
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Review of Previous Work - Original Problem
 












Robustness: 𝑴- 𝚫 structure and small gain theory: H ෡ ෡,𝑾𝑥 𝑓𝑘 𝑮𝑠0 𝑓𝑘 + ,𝑾𝑥 𝑓𝑘 𝑮𝑠0 𝑓𝑘 
max 𝜆 , 1 , 𝜖𝑠 ? 0max σ 𝑊𝑥(𝑓𝑘)𝐺෠𝑠0(𝑓𝑘൯ 𝐵(𝑓𝑘) ? 1 2 
Filter response: The magnitude of frequency response: 
𝑡𝑟 𝐸 𝑓𝑘 𝐸 𝑓𝑘 
H 
min Re 𝜆 ൯𝑾𝑥(𝑓𝑘)෡𝑮𝑠0(𝑓𝑘 > ,1 It is convexified as: 
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Review of Previous Work - Original Problem
 








Enhancement: Normalized energy of e:
 
? 𝐴𝑒𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘)) 
Stability: Use Nyquist criterion: 
𝑡𝑟 𝐸 𝑓𝑘 𝐸 𝑓𝑘 
H 
min Re 𝜆 ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 > ,1 
Robustness: 
max σ 𝑾𝑥(𝑓𝑘)𝑮෡𝑠0(𝑓𝑘൯ 𝐵(𝑓𝑘) ? 1 𝑴- 𝚫 structure and small gain theory 
Filter response: The magnitude of frequency response: 
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Review of Previous Work - Original Problem
 








Enhancement: Normalized energy of e:
 
? 𝐴𝑒𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘)) 
Stability: Use Nyquist criterion: 
𝑡𝑟 𝐸 𝑓𝑘 𝐸 𝑓𝑘 
H 
min Re 𝜆 ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 > ,1 
Robustness: 𝑴- 𝚫 structure and small gain theory:
 
max σ ൯𝑊𝑥(𝑓𝑘) ෠𝐺𝑠0(𝑓𝑘 𝐵(𝑓𝑘) ? 1 
Filter response: 
The magnitude of frequency response ? 𝐶(𝑓𝑘)𝑾𝑥𝑖,𝑗 𝑓𝑘 
11 
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min. (t)TXl + (cJ)TXq + (Cs)TXs, 
s.t. A 1x1 + Aqxq + Asxs = b, 
x1 E ~ kt xq E Kq XS E Ks 
+' ' 
K q = K f x ... x Kf .. 
q 
Kf = {(y,x) E 'R, X 'R,n;-l : Y > IIXll2} 
Ks = Kf x ... x K{ .. 
s 
K f = {vec(X) E l}tnf : X E \}\n;xn; is positive semidefinite} 
-
' 
Review of Previous Work - Conic Formulation
 
Original Problem Standard Cone programming
 
Cost function: Total energy of e: 
𝑁𝑓 







Enhancement: Normalized energy of e: 
Second order cones 
H𝑡𝑟 𝑬 𝑓𝑘 𝑬 𝑓𝑘 ? 𝐴𝑒𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘)) 
Stability: Use Nyquist criterion: 
H
 
,𝑊𝑥 𝑓𝑘 𝐺෠𝑠0 𝑓𝑘 + ,𝑊𝑥 𝑓𝑘 𝐺෠𝑠0 𝑓𝑘
 
max 𝜆 , 1 , 𝜖𝑠 ? 0
 2 Positive semidefinite cones 
Robustness: 𝑴- 𝚫 structure and small gain theory: 
max σ 𝑾𝑥(𝑓𝑘)𝑮෡𝑠0(𝑓𝑘൯ 𝐵(𝑓𝑘) ? 1 
Filter response: The magnitude of frequency response: 
? 𝐶(𝑓𝑘)𝑾𝑥𝑖,𝑗 𝑓𝑘 
12 
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Review of Previous Work - Conic Formulation
 
Original Problem Conic Formulation
 
𝑁𝑓 
Cost function: Total energy of e: 
𝑁𝑓 Cost function: 𝑡0 + ෍ 𝒃𝐽
T 𝑓𝑘 𝒘 
H෍ 𝑡𝑟 𝑬 𝑓𝑘 𝑬 𝑓𝑘 , 
𝑘∓1 
𝑘∓1 
Constraints: ‖𝑴0𝒘‖2 ? 𝑡0 𝑡0ǁ , 𝑡0ǁ = 1Constraints: 
Enhancement: Normalized energy of e: 
H𝑡𝑟 𝑬 𝑓𝑘 𝑬 𝑓𝑘 ? 𝐴𝑒𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘)) 
Stability: Use Nyquist criterion: 
H
 
,𝑊𝑥 𝑓𝑘 𝐺෠𝑠0 𝑓𝑘 + ,𝑊𝑥 𝑓𝑘 𝐺෠𝑠0 𝑓𝑘
 
max 𝜆 , 1 , 𝜖𝑠 ? 0
 2 
Robustness: 𝑴- 𝚫 structure and small gain theory: 
max σ 𝑾𝑥(𝑓𝑘)𝑮෡𝑠0(𝑓𝑘൯ 𝐵(𝑓𝑘) ? 1 
Filter response: The magnitude of frequency response: 
? 𝐶(𝑓𝑘)𝑾𝑥𝑖,𝑗 𝑓𝑘 
T𝑡1,𝑘 + 𝒃𝐽 𝑓𝑘 𝒘 + 𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘))(1 , 𝐴𝑒(𝑓𝑘)) = 0 
‖𝑴1,k𝒘‖2 ? 𝑡1,𝑘 𝑡1ǁ ,𝑘 , 𝑡1ǁ ,𝑘 = 1 
‖𝑭𝑧 𝑓𝑘 𝒘𝐹𝑖,𝑗 ‖2 ? 𝑡2,i,j,𝑘 , 𝑡2,i,j,𝑘 = 𝐶(𝑓𝑘) 
H 
𝑾𝑥 𝑓𝑘 𝑮෡𝑠0 𝑓𝑘 + 𝑾𝑥 𝑓𝑘 𝑮෡𝑠0 𝑓𝑘 +2 1 , 𝜖𝑠 𝑰𝑁𝑠 ≽ 0 
1 
𝑰𝑁𝑠 𝑾𝑥 𝑘 𝑮෡𝑠0 𝑓𝑘𝐵 𝑓𝑘 ≽ 0
𝐻 1 
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Review of Previous Work - Summary
 
• Previous work showed that this conic 




Numerical issues may occur sometimes, 
i.e., the solver may fail to obtain a 
searching direction when the current 
solution is close to optimal solution. 
It is found that different treatments of 
free variables in conic formulation have 
different numerical behaviors. 
Conic Formulation 
𝑁𝑓 
Cost function: 𝑡0 + ෍ 𝒃𝐽
T 𝑓𝑘 𝒘 
𝑘∓1 
Constraints: ‖𝑴0𝒘‖2 ? 𝑡0 𝑡ǁ0 , 𝑡0ǁ = 1 
T𝑡1,𝑘 + 𝒃𝐽 𝑓𝑘 𝒘 + 𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘))(1 , 𝐴𝑒(𝑓𝑘)) = 0 
‖𝑴1,k𝒘‖2 ? 𝑡1,𝑘 𝑡1ǁ ,𝑘 , 𝑡1ǁ ,𝑘 = 1 
‖𝑭𝑧 𝑓𝑘 𝒘𝐹𝑖,𝑗 ‖2 ? 𝑡2,i,j,𝑘 , 𝑡2,i,j,𝑘 = 𝐶(𝑓𝑘) 
H 
𝑾𝑥 𝑓𝑘	 𝑮෡𝑠0 𝑓𝑘 + 𝑾𝑥 𝑓𝑘 𝑮෡𝑠0 𝑓𝑘 +2 1 , 𝜖𝑠 𝑰𝑁𝑠 ≽ 0 
1 
𝑰𝑁𝑠 𝑾𝑥 𝑘 𝑮෡𝑠0 𝑓𝑘𝐵 𝑓𝑘 ≽ 0 













~ ~ b s.t. Aw+ Bx= , 







( ) ( ) ( ( ) ( )) ( ) 
K 
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( ) ( ) 






For simplification, denote the
conic form as: 
Where,
 
is introduced to represent 
each constraints 
Represents the Cartesian
product of cones for constraints 
Conic Formulation 
𝑁𝑓 





Constraints: ‖𝑴0𝒘‖2 ? 𝑡0 𝑡0ǁ , 𝑡0ǁ = 1
 
T
𝑡1,𝑘 + 𝒃𝐽 𝑓𝑘 𝒘 + 𝑡𝑟(𝑺𝑑𝑒𝑑𝑒(𝑓𝑘))(1 , 𝐴𝑒(𝑓𝑘)) = 0 
New variables are 
required to represent ‖𝑴1,k𝒘‖2 ? 𝑡1,𝑘 𝑡1ǁ ,𝑘 , 𝑡1ǁ ,𝑘 = 1 these conic constraints 
‖𝑭𝑧 𝑓𝑘 𝒘𝐹𝑖,𝑗 ‖2 ? 𝑡2,i,j,𝑘 , 𝑡2,i,j,𝑘 = 𝐶(𝑓𝑘) 
H 
𝑾𝑥 𝑓𝑘	 𝑮෡𝑠0 𝑓𝑘 + 𝑾𝑥 𝑓𝑘 𝑮෡𝑠0 𝑓𝑘 +2 1 , 𝜖𝑠 𝑰𝑁𝑠 ≽ 0 
1 
𝑰𝑁𝑠 𝑾𝑥 𝑘 𝑮෡𝑠0 𝑓𝑘𝐵 𝑓𝑘 ≽ 0 


















A ~ B~ ~ W+ X = b 

















second order cone 
Form 1 
Split as two sets of Where, 
nonnegative variables 















. [o min . (Cw)T (Cx)T] 
s.t. A ""7 B ""7 ""7 W+ X = b 
' 



















Conic Formulation - The Dual Reformulation 




is the dual variable associated
with equality constraints 
is the dual variable associated













Yo ~ IIY lb 
Sx EK. 
Sx EK . -,~ 
The Direct Reformulation 
The dual formulation 
Convert into a 
Form 3 
second order cone 
Free variables 
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. [o (Cw)T (Cx)T] 
. [o min . ~ min . w 
' ~ 
X s. t. AT~_~ y - Cw, 
s.t. A~ ~ ~ w+Bx = b ' BT~ s ~ Y + x = Cx, 







min . -(Cw)T (Cx)T] ~ [-6T 6TJ[;:1, W2 . ' rmn. ~ 
X 
s. t. A~ A~ ~ ~ 
s. t. AT~ AT~ ~ 
W 1 - W 2 +Bx= b 
Yi - Y2 = Cw, 
' 
W E ~ NrNsNr 
BT~ BT~ s Yi - Y2 + x = Cx, 
1 + ' 
W E ~ NrNsNr 
~ ~ Nb 
Y1 E + , 
2 + ' 
XE K. 
~ ~ Nb 
Y2 E + , 
Sx EK. -,~ 
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Off-line Simulation based on experimental data 
Experiment description: 
•	 2 reference microphones, 2 control loudspeakers, 2 error microphones 
•	 sampling frequency is 3000 Hz 
•	 Filter length for each channel is 128 
•	 SeDuMi is used to implement primal-dual interior-point algorithm for cone 
programming 
•	 Duality gap is used to represent numerical stability characteristics 
(Smaller duality gap means more numerically stable) 
20 
 




1 o-6 ro 
CJ 
>, 
10-9 +-' ro 
::::J 
o 10-12 
1 o-1 s 
1 o-1 s 
7 14 27 66 131 261 




1 o-6 ro 
CJ 
>, 
10-9 +-' ro 
::::J 
o 10-12 
1 o-1 s 
1 o-1 s 
7 
Form 1 * Form 2 e 
14 27 
: - ~eolfl 
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Form 3 Form 4 
66 131 261 





Comparison of duality gap for different forms in different cases
 





Form 1 * Form 2 e Form 3 Form 4 
10-3 
a. 







1 o-1 s 
1 o-1 s 
7 14 27 66 131 261 












1 o-1 s 
1 o-1 s 
32 64 
* Form 2 e 
96 128 
: - ~eolfl 
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Form 3 Form 4 
160 192 





Comparison of duality gap for different forms in different cases
 








- 10 co 

















-·--- Form 2 
1500 











1 1.76 × 10−4
 
2 6.61 × 10−3
 
3 2.63 × 10−12
 
4 3.78 × 10−17
 
The performance of using 
form 1 and 2 are worse than 
using form 3 and 4. 
This demonstrates that a 














• Numerical issues may occur when positive semidefinite cones are involved, 
i.e., when stability and robustness constraints are applied. 
• Form 4, using the dual formulation and then splitting free variables into two 
sets of non-negative variables, has a better numerical stability behavior. 
• In the future, other reformulation approaches may be used to further 
improve the numerical stability by exploiting the problem structure of the 
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•	 ̘Ϯ̙ Hϰ Fϰ ͼ̨̇̎̕ Κ̎β Eϰ Gϰ ͵Κ ϭ͟ ϶ĖζΨ̲̤̎̕ϵΨ ̨͍̎̕β ΚΧ̨̤̕Χζ ϭ̤Ϸ ϼϲζ ͍̤ͫ̎̕Κ̇ ̕π ̲ϲζ !Ψ̨͍̲̕ϵΨΚ̇ ϶̕Ψϵζ̲͟ ̕π !̍ζ̤ϵΨΚϭ ̇͘̕ϰ Ϯϱϭ ̎̕ϰ 
6, pp. 1130̌1136, 1953. 
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